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The goal of this section is to get comfortable with the notion of a vector
space and subspace and getting comfortable with "non-obvious” looking vector
spaces.

Consider the linear transformation T : R? — R? given by the matrix

1 3

5 8
with respect to the standard basis vectors. Since T is invertible, ﬁ = Tej and
fo = Té3 also form a basis. Let By = {é1,¢é3} and By = {f1, fo}, then the
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change of basis matrix S, .5, is A = 5 g . Obviously, the change of basis
matrix Sp, .5, = AL
Now note that we can write fi = €1 + 5€s, fo = 3¢1 + 8¢3. It will be helpful to
keep this basic point of view as well in mind from now on to deal with vector
spaces that are isomorphic to R™ but on the face are not R™. (More on isom-
prphisms later!)

A finite vector space over R is always of the form R™, but sometimes it is
R™ in disguise. The following problem will illustrate why.

Problem 1. Show that the space of polynomials in degree less than equal to 2
and coefficients in R is a vector space.

1. Find its dimension and give two different set basis.

2. Find the change of basis matrix from the first matrix to the other.

Problem 2. (Work in groups of 3-4)

Find whether the following spaces form a vector space. If yes, find their dimen-
s10Ms:

1. The space of all 2 x 2 matrices.

2. The space of non-invertible 2 x 2 matrices.

3. The space of invertible 2 x 2 matrices.

4. The space of all 2 x 2 matrices S such that
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Problem 3. Consider the following two different basis of the set of 2 X 2 ma-
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Find the change of basis matrix Sp,—B, that takes you from By to Ba?

and

There are natural vector spaces of infinite dimension as well!! See
below:

Problem 4. (Challenge) Consider the linear space V' of all infinite sequences
of real numbers. We define the subset W of V consisting of all sequences
(zo, 1,22, ...) such that

Tyt = Tpy1 + 62,  for allm > 0.
(a) Show that W is a subspace of V.
(b) Determine the dimension of W.

(c) Does W contain any geometric sequences of the form (1,¢,¢?,¢c®,...) for
some constant c¢? Find all such sequences in W.

(d) What if the condition for the sequence were changed by x, 19 = Tpt1 — 62y,



